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 Abstract : In this paper presents a study of image enhancement carried out by adapting the balanced multi wavelet theory 

which overcomes the lack of high approximation orders of traditional multi wavelet bases. A multi wavelet with r scaling functions 
and r wavelet functions is said to have multiplicity ‘r’. When r = 1, one scaling function and one wavelet function exists, the multi 
wavelet system reduces to the scalar wavelet system. In this work multi wavelets with r = 2 is considered. The perfect 
reconstruction multi wavelet filter bank employs 2x2 matrix filters that provide extra degree of freedom in the design, so unlike 
scalar wavelets, multi wavelets can be designed to possess the orthogonality and symmetry properties simultaneously. This is a 
desirable feature for many signal processing applications, including image enhancement. 
 

1. INTRODUCTION 
Four properties are desirable for the transform bases in image 
processing using transform techniques.  They are 
 

 Finite Impulse Response  

 Symmetry for linear phase  

 Orthogonality for perfect reconstruction and  

 Compact support. 

 
 Scalar wavelet transform bases fail to incorporate all these 
properties simultaneously [1]. Hence in most of the tasks, 
orthogonality is sacrificed for bi-orthogonality. The concept of 
wavelet bases with multiple scaling and wavelet functions thus 
giving rise to the multiwavelet transform gained attention with the 
seminal works of Geronimo et al [2], Chui & Lian [3], Vasily Strela 
[4] and I. Selesnick [5]. However lack of high approximation orders 
entailed lower enhancement and costlier pre and post filtering 
tasks. This problem of low approximation order was overcome by 
the use of balanced multiwavelets [5,6].  
 
The 2- Dimensional wavelet transform has been implemented as 
two separable       1- Dimensional transforms. The 2×2 matrix 
filters in multiwavelet filter bank require vector inputs. Thus, a 1- 
Dimensional input signal must be transformed into two     1- 
Dimensional signals. This transformation is called pre-processing. 
For some multiwavelets, the pre-processing must be 
 
 
 
 
 

 accompanied by an appropriate pre-filtering operation that 
depends on the spectral characteristics of the multiwavelet filters 
[7]. However, some multiwavelets obviate the pre-filtering (and the 
pre-processing) operation due to certain desirable properties of 
their basis functions; these multiwavelets are called balanced 
multiwavelets [8]. 
 

2 MULTIWAVELETS 
 
A multi resolution analysis of L2(R) space generated using 
multiple scaling functions and wavelet functions give rise to 
the notion of multiwavelets. The multiscaling function is 
given by the vector Φ (t) = [Φ 1 (t). . . Φ r (t)] T, and it 
satisfies the two scale relation as in equation (1) 
 

( ) G[ ] (2 )
k

t k t k       (1) 

where G[k]  is a sequence of r x r matrices of real 
coefficients. The wavelet equation also holds the same 
except that the wavelet function is a multiwavelet function 
generated by r wavelet functions. Wavelet equation is 
given by equation (2) where H[k] is of same dimension as 
G[k]. as in equation (2) 

( ) H[ ] (2 )
k

t k t k                                           

 (2)
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There are different families of multiwavelets and the Geronimo-
Hardin-Massopust multiwavelet was the first to incorporate 
symmetry, orthogonality and short support. Their system contains 
the two scaling functions Φ1(t), Φ2(t) as shown in Figure 1 and the 
two wavelets w1 (t), w2 (t) as shown in Figure 2. 

 

Figure 1 Geronimo-Hardin-Massopust pair of Scaling 

Functions 

 

 

Figure 2 Geronimo-Hardin-Massopust Multiwavelets 

The dilation and wavelet equations for this system have 
four coefficients. The dilation equation is given by Equation 
(3) 
 

∅ 𝑡 =  
∅1 𝑡 

∅2 𝑡 
 = 𝐶( 0 ∅ 2𝑡 + 𝐶 1 ∅ 2𝑡 − 1 + 𝐶 2 ∅ 2𝑡 − 2 +  𝐶[3]∅ 2𝑡 − 3  

 

4.2.1 PROPERTIES OF GHM MULTIWAVELETS 
 

There are four remarkable properties of the Geronimo 

– Hardin - Massopust scaling functions: 

1. They each have short support (the intervals [0, 1] and [0, 

2]). 

2. Both scaling functions are symmetric, and the wavelets 

form a symmetric / anti-symmetric pair. 

3. All integer translates of the scaling functions are 

orthogonal. 

4. The system has second order of approximation (locally 

constant and locally linear functions are in V0). 

A scalar system with one scaling function cannot combine 

symmetry, orthogonality, and second order approximation. 

Moreover, a solution of a scalar dilation equation with four 

coefficients is supported on the interval [0,3]. Other useful 

orthogonal multiwavelet systems with second order 

approximation are the symmetric pair determined by three 

coefficients as in equation (4) 
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0
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4
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4
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4
0
               

Corresponding scaling functions are shown in Figure 2.3 

and 2.4. Observe that for the symmetric pair one scaling 

function is the reflection of the other about its center point. 

3 MULTIWAVELET FILTER BANK 

Corresponding to each multiwavelet system is a matrix-
valued multirate filter bank, or multifilter. A multiwavelet 
filter bank has “taps” that are r × r matrices.  The low pass 
filter coefficients are given by the N r × r matrices G[k] of 
the two scale relation and the high pass filter coefficients 
are given by N r x r matrices H[k] of the wavelet equation. 
The resulting r-channel, r × r matrix filter bank operates on 
r input data streams, filtering them into r x r output streams, 
each of which is down sampled by a factor of 2. 

 

It is noticed that a multiwavelet filter bank is fundamentally 
a Multi Input Multi Output (MIMO) system. In the case of a 
1- Dimensional signal, it then requires vectorization of this 
input signal to produce an input signal which is two 
dimensional for a multiwavelet system of multiplicity „r‟. A 
simple way to do that is to split a 1-Dimensional signal into 
its polyphase components. 

 
𝐻0(𝑧)
𝐻1(𝑧)

 = 𝐻(𝑧2)  
1

𝑧−1  

 
𝐺0(𝑧)

𝐺1(𝑧)
 = 𝐺(𝑧2)  

1
𝑧−1  

4 BALANCED MULTIWAVELETS 

Balanced multiwavelets are set of multiwavelet basis 
whose associated filter bank inherits the zero moments‟ 
property of its wavelet basis. 

An orthonormal multiwavelet system is said to be balanced 
to order p if the signals  un  :=  [….,(-2)n,(-1) n,0,1 n,2 n,3 
n,….] T , with n = 0,1,2,…..,p-1 are preserved by the 
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operator G, with G being the low pass operation of the 
associated filter bank i.e. as shown in equation (5) 

G u n = 2n.u n                                                                                       (5) 

and annihilated by the operator H representing the 
corresponding high pass operation i.e. as shown in 
equation (6) 

H u n = 0                                                                           (6) 

for n = 0,1,2…,p-1.This eliminates the need for any 
pre/post filtering operations. 

Unlike the traditional multiwavelet filter bank where the low 
pass filter components m0(z) and m1(z) have different 
spectral behaviour i.e. high pass for one and low pass for 
another giving rise to oscillations in the signal 
reconstructed from the coarse resolution, the balanced 
multiwavelet filter bank has components g0(z) and g1(z) 
with similar spectral behavior. Hence oscillations are 
absent in the signal reconstructed from the coarse 
resolution alone.  

4.1 BALANCED MULTIWAVELET FAMILIES 

There are many families of balanced multiwavelets. Those 
used to carry out image enhancement in this chapter will 
be discussed here.  

4.2 GHM LIKE BALANCED MULTIWAVELETS 

This is another class of multiwavelets that have been 
constructed to balancing orders 1, 2 and 3 This family 
contributes symmetry to the scaling functions and hence 
they show better performance in image processing tasks 
when compared to non-symmetric multiwavelets of similar 
order. They were first proposed by I. Selesnick [9] 

4.3 CARDINAL BALANCED MULTIWAVELETS 

These are a highly specialized class of balanced 
multiwavelets that combine orthogonality, cardinality, short 
support and approximation order K>1. However they do 
not incorporate symmetry. The presence of cardinality 
plays an important role in information sampling. Shannon‟s 
sampling theorem uses a sinc function which is a cardinal 
function i.e. zero at all non-zero integers and 1 at 0. Hence 
class of multiwavelets can be used in the information 

sampling process. A signal f (t) can be represented as 
shown in equation (7) 

f (t) = ∑n f(n) Ф0 (t-n) + ∑ n f(n+0.5) Ф1(t-n)            (7) 

Shannon‟s sampling theorem is a specialized case with Ф0 
(t) = sinc(2t) and Ф1 (t) = sinc (2t-1).This was first proposed 
by I. Selesnick [9,10] and cardinal wavelets of balancing 
order 2,3,4 have been constructed.  

4.4 SYMMETRIC EXTENSION OF SIGNALS AT THE 
BOUNDARIES 

Practically, all signals have finite length; so we must devise 
techniques for filtering such signals at their boundaries. 
There are two common methods for filtering at the 
boundary that preserve critical sampling. The first is 
circular periodization (periodic wrap) of the data. This 
method introduces discontinuities at the boundaries; 
however, it can be used with almost any filter bank. The 
second approach is symmetric extension of the data. 
Symmetric extension preserves signal continuity, but can 
be implemented only with linear-phase (symmetric and/or 
anti symmetric) filter banks. Hence we can develop 
symmetric extension for linear-phase multiwavelet filters, 
such as the Geronimo-Hardin-Massopust and Chui-Lian 
multi-filters. This proves useful for image enhancement 
applications. 

Recalling the basic problem that for a given input signal f[n] 
with N samples and a linear-phase (symmetric or anti 
symmetric) filter, cannot be symmetrically extended before 
filtering and down sampling in a way that preserves the 
critically sampled nature of the system. Depending on the 
parity of the input signal (even- or odd-length) and the 
parity and symmetry of the filter, there is a specific non-
expansive symmetric extension of both the input signal and 
the sub band outputs.  

For example, an even-length input signal passed through 
an even-length symmetric low pass filter should be 
extended by repeating the first and last samples, i.e., a 
half-sample symmetric signal is matched to a half-sample-
symmetric filter. Similarly, when the low pass filter is of odd 
length (whole-sample-symmetry), the input signal should 
be extended without repeating the first or last samples. 
Each row of the GHM multifilter is a linear combination of 
two filters, one for each input stream. One filter (applied to 
the first stream) is of even length; the second is of odd 
length. Thus the first stream should be
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extended using “half-sample-symmetry” (repeating the first 
and last samples) and extend the second stream using 
whole-sample-symmetry (not repeating samples). Then, 
when synthesizing the input signal from the sub band 
outputs, the subbed date must be summarized the sub 
band data differently depending on whether it is going into 
an even- or odd-length filter. In particular suppose two 
input rows are given (one of even length, the other of odd 
length):  

The application of the (linear-phase) multiwavelet 
synthesis filters now yields the symmetric extension of the 
original signal. Multiwavelet symmetric extension can be 
done not only for linear-phase filters.  

The placeholder „a‟ is an arbitrary real number. After 
filtering and down sampling of this extended data, the 
output rows will have the same symmetry. In this way we 
obtain a non-expansive transform of finite-length input data 
which behaves well at the boundaries under lossy 
quantization.  

5. 2-DIMENSIONAL MULTIWAVELET TRANSFORM 
WITH MULTIRESOLUTION ANALYSIS 

Multiwavelet bases of multiplicity 2 provide a 
multiresolution analysis {Vn}nЄz of L2 using the 
multiscaling function as in equation (8) 

(∅(𝒕) )  ̅=  [[∅_𝟎 (𝒕),∅(𝒕) ]^𝑻   
    (8) 

and Multiscaling function as in equation (9) 

𝝍 𝒕        =  [ 𝝍𝟎 𝒕 ,𝝍𝟏 𝒕  
𝑻   

     (9) 

The jth scaling space is given as in equation (9) and 
equation (10) 

𝑉𝑗 =
𝑆𝑝𝑎𝑛
𝑘𝜖𝑧

 𝜙0 2𝑗 𝑡 − 𝑘 , 𝜙1(2𝑗 𝑡 − 𝑘)  

 𝑉𝑤 =
𝑆𝑝𝑎𝑛
𝑘𝜖𝑧

 𝜓0 2𝑗 𝑡 − 𝑘 , 𝜓1(2𝑗 𝑡 − 𝑘)   11

   

where Vj ┴ Wj . For the case where r = 2, the multiscaling 
function satisfies the following 2-scale equation (12) 

𝜙 𝑡       =  2  𝐻(𝑘)𝜙(2𝑡 − 𝑘)             𝐼−1
𝑘=0     

    (12) 

 where the matrix filter H [k] has l 2×2 matrix coefficients, 
the kth matrix coefficient is given as in equation (13) 

𝐻 𝑘 =  
ℎ0(2𝑘) ℎ0(2𝑘 + 1)
ℎ1(2𝑘) ℎ1(2𝑘 + 1)

    (13) 

Such that as in equation (13) 

 ℎ0(𝑘)2 = 1  𝑎𝑛𝑑  ℎ0(𝑘)2 = 1

𝑘

  

𝑘

 

corresponding multiwavelet function satisfies the following 
equation (15) 

𝜓 𝑡       =  2  𝐺(𝑘)𝜙(2𝑡 − 𝑘)             𝐼−1
𝑘=0     (15) 

where the matrix filter G[k] has l 2×2 matrix coefficients; 

the kth matrix coefficient is given by equation (4.20) 

𝐺 𝑘 =  
𝑔0(2𝑘) 𝑔0(2𝑘 + 1)
𝑔1(2𝑘) 𝑔1(2𝑘 + 1)

    (16) 

such that 

 𝑔0(𝑘)2 = 1  𝑎𝑛𝑑   𝑔0(𝑘)2 = 1

𝑘

 

𝑘

 

For the balanced multiwavelets, h0 and h1 are lowpass FIR 
filters while, g0 and g1 are bandpass or highpass FIR filters. 
The perfect reconstruction multiwavelet filter bank is shown 
in Figure 3. If coefficient S0 

 
                    Analysis section  Synthesis section. 
Figure 3 The perfect reconstruction multiwavelet filter bank  
 
(at scale zero) are input to the analysis section of the filter 
bank, one iteration computes the coarse vector coefficients 
s-1 and the detail vector coefficients d-1  at scale d-1 as 
shown in equations 16 and 17, respectively. This 
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decomposition corresponds to the discrete multiwavelet 
transform. 

s−1     n =  H k − 2n s0 [k]

k

 

 

 d−1
      n =  G k − 2n s0 [k]k  

 

The corresponding synthesis equation reconstructs s0 from 
s-1 and d-1 using equation 18. This corresponds to the 
inverse discrete multiwavelet transform and is equivalent to 
the IDWT. 

s−1     n =  HT[n − 2k]k s−1      [k] + 

 GT[n − 2k]d−1
     

k [k]  (18) 

6 PREPROCESSING 

The low pass filter H and high pass filter G in the 
multiwavelet filter bank are 2×2 matrices need to be 
convolved with two rows of data. One solution to this 
problem is simply to repeat the input [12,13]. But this 
solution is equivalent to over sampling and increases the 
computational complexity of the transform. Another 
approach is to split the input into two polyphase 
components, thereby maintaining critical sampling [14]. 

7 BALANCING 

If the zero-order polynomial x = [· · ·, 1, 1, 1, 1 · ··] is 
preserved by the lowpass branch, x is an eigen signal of 
the lowpass branch. Such a multiwavelet is said to be 
balanced to order 1[15]. Not all multiwavelets are 
balanced. The balanced multiwavelets do not require a 
pre-processing stage for the input. 

8 SHUFFLING 

For unbalanced multiwavelets, a one-level decomposition 
shows that a large amount of similarity exists in the 2×2 
blocks that comprise the LiHj, LiHj and HiHj sub bands. To 
restore the spatial dependencies, we interleave the high 
frequency sub bands XiYj (XiYj LiLj) into a single block XY. 
Thus, blocks LH, HL and HH are generated. This 
interleaving procedure is called shuffling [16].  

9 ALGORITHM IMPLEMENTED 

The Discrete Multiwavelet Transform used here are 
unbalanced multiwavelet (GHM order 2) and balanced 

multiwavelet (Cardinal balanced order 2). At first, 5-levels 
redundant wavelet decomposition of the original 
mammogram cutout is performed. Mammogram images 
were obtained by scanning the X-ray images in 30 
micrometre X 30 micrometre resolution, 12 bits per pixel. 
Typical size of microcalcification varies from 0.1 millimicron 
to more than 1 millimicron, which corresponds to the range 
from the smallest 3x3 pixel round objects to more than 30 
pixels wide irregular shapes. The 5-octaves analysis is 
taken to cover the whole range. Fine breast tissue 
structure and microcalcifications are almost invisible in 
dense parts of the original image, especially if gray-value 
does not cover the necessary dynamic range. Visual 
inspection of wavelet coefficient images show that first-
level detail coefficients (HH, HL and LH) contain mostly 
noise. Detail coefficients in levels 2 to 5 contain fine breast 
structure and microcalcifications (together with some 
noise). Finally, level 5 approximation coefficients (LL) 
contain low frequency background, which corresponds to 
the tissue density. Reconstructed sub-images (after 
applying reconstruction part of filter bank) are additive 
components of the original image, so the reconstructed 
details HHr, HLr and LHr at observed level were added in a 
single representation. 

Multiwavelet decomposition requires shuffling as discussed 
above, otherwise the sub bands will be at different 
locations and thresholding followed by reconstruction may 
not be possible. Thresholding used here is Donoho‟s soft 
thresholding popularly known as wavelet shrinkage 
technique [17] Donoho and Johnstone  suggest a 
denoising scheme by killing and shrinking wavelet 
coefficients. If we assume additive noise in the form as 
shown in equation (19) 

𝑥𝑖 = 𝑠𝑡 +  𝜎𝑛𝑛𝑖, = 1, ……𝑁           (19) 

where signal si is corrupted by zero mean, Gaussian noise 
n; with standard deviation σn, then the risk of the so called 
soft - thresholding scheme is given in equation(20) 

𝑥 = 𝐷𝑊𝑇 𝑥  

𝑥 = 𝑠𝑖𝑔𝑛  𝑥    𝑥  − 𝑡ℎ𝑟),  𝑥 ≥ 𝑡ℎ𝑟   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
    (20) 

𝑥 = 𝐷𝑊𝑇−1(𝑥) 

is within a logarithmic factor log N of ideal minimum risk. 
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A good choice for threshold thr is as shown in equation 
(21) 

𝑡ℎ𝑟 = 𝜎𝑛 𝑁𝑙𝑜𝑔𝑁    (21) 

where σn is standard deviation of noise and N is number of 
wavelet coefficients. A robust estimation of σn has been 
used, calculated from detail wavelet coefficients of an 
additional decomposition of x as shown in equation (22) 

𝜎𝑛 = 𝑚𝑒𝑑𝑖𝑎𝑛( 𝑑𝐼 )/0.6745   (22) 

Denoising scheme confirms that decomposition at level 
1contains "pure" noise, and should be killed. Notice that 
the sampling interval was 30 micrometre, and if the same 
decomposition would have been applied to the images 
sampled in 100 micrometre resolution, level 1 
decomposition would contain signal information as well. 
Applied to other levels, denoising enhances the 
reconstructed images, especially in higher frequency sub-
bands (level 2 and 3). The entire algorithm is illustrated in 
Figure 4.  

  
Figure 4. Flow chart for the proposed method of 
Mammogram enhancement 

 

11. RESULTS AND INFERENCES 
 
Balanced multiwavelets with Donoho‟s thresholding for 
Image Enhancement 
 

 
Figure 5. Unbalanced preprocessed Image 
 

 
 
Figure 6 Balanced Recovered Image 
 
Figure 5 and Figure 6 show the result of unbalanced 
processed image and balanced processed image using 
Balanced multiwavelets with Donoho‟s thresholding before 
recovery.  
 
Table 1 Mean Ranks of the Original and Four Enhanced 
Images Showing Microcalcifications 
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 The average rank of the original and four enhanced 

images for malignant microcalcifications for each of 
the Three observers physician is given in Table 1. A 
low score indicates a high preference 

 In parentheses it is indicated the number of cases in 
which each algorithm was assigned the highest 
preference (i.e., a score of 1).  

 The bottom of the table gives the average rank and 
the number of cases in which each algorithm was 

ranked the best in parentheses, for 30 interpretations 
(10 cases x 3 observers) for malignant lesions.  

 For microcalcifications, the multiwavelet based image 
enhancement had the lowest average ranking overall 
(highest preference) followed by the wavelet based 
image enhancement algorithm. 

 Of the 30 interpretations (10 cases x 3 observers), the 
multiwavelet algorithm was chosen as the most 
preferred in 50% (15/30) of the interpretations, the 
wavelet based image enhancement in 43.3% (13/30).  

 The visual observation is better in multiwavelet based 
enhanced images than the existing algorithms like 
adaptive unsharp masking, contrast limited adaptive 
histogram equalization and wavelet based algorithms.  

 
12.Conclusion 
 
The results indicate that a significant difference exists in 
reviewer preference for images with masses and images 
with microcalcifications. Although image enhancement 
does appear to improve the visibility of microcalcifications, 
it does not provide any significant improvement in the 
visibility of masses, at least with the selected set of 
algorithms. This work has significant implications for the 
practice of digital mammography with soft-copy display. 
From the preferences established in this work, it is clear 
that algorithms that change the image appearance 
drastically (like contrast limited adaptive histogram 
equalization are the least preferred by radiologists). It is 
reasonable to assume that this preference for enhanced 
images that maintain the appearance of the original 
images is applicable to direct digital images as well. 
 
In this case, parameters for each algorithm were chosen in 
the range suggested in the original references. However, 
those ranges were established by trial and error on a small 
set of cases in the original references and hence it is 
possible that slightly different enhancements could be 
obtained with a different choice of parameters. It would 
thus be useful to establish the optimal set of parameters 
for each algorithm before use in a clinical setting. The 
mammograms are enhanced with different parameter 
settings, and optimal parameters are established on the 
basis of observer preferences. However, parameter 
selection is based on simulated structures. Hence it is not 
clear whether the same parameter combination would be 
appropriate for use with real mammograms.   

Obser
ver 

Origi
nal 

Type of Image Enhancement 
Algorithm (Numbers in 

parentheses represent number 
of cases in which each 

algorithm was assigned the 
highest preference) 

Adapt
ive 

unsha
rp 

maski
ng 

CLA
HE 

Wavelet 
based 

enhance
ment 

Multi-
wavelet 
based 

enhance
ment 

Observe
r 1 

Maligna
nt 

(n = 10) 

2.7 (0) 3.2 (1) 
4.5 
(0) 

1.8 (4) 1.7 (6) 

Observe
r 2 

Maligna
nt 

(n = 10) 

3.0 (1) 3.2 (1) 
4.9 
(0) 

2.7 (3) 2.3 (5) 

Observe
r 3 

Maligna
nt 

(n = 10) 

2.8 (1) 2.5 (1) 
5.0 
(0) 

2.0 (6) 1.7 (4) 

All 
Observe

rs 
Maligna

nt 
(n = 30) 

2.8(2) 3.0(3) 4.8(0) 2.2(13) 1.9(15) 
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The physician preference for a particular enhancement 
algorithm applied to a lesion of known pathology (as 
established in this study), does not directly give any 
indication of the usefulness of the same algorithm in the 
diagnosis of unknown lesions. However, still, it gives an 
indication of the more promising algorithms that could be 
used in a truly diagnostic setup. The main objective of this 
work was to establish a set of promising enhancement 
algorithms that could then be evaluated with blinded cases 
in a receiver operating characteristic curve study. From 
this work it is clear that for micro-calcifications, wavelet 
algorithms appear to be the most promising for 
microcalcifications, wavelet enhancement is the most 
preferred algorithm. For masses, no enhancement was 
significantly preferred over the unenhanced image. 
Different image processing approaches may need to be 
used, depending on the type of lesion.  
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